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ABsTrACT. The m-gonal number
m— 2
2

where = € N which is defined as the total number of dots to constitute the m-gon (with = dots for
each side) has been popular subject from 2nd Century in B.C in the research of number theory. Fermat
famously claimed that every positive integer is written as at most m m-gonal numbers. Lagrange and
Gauss resolved his claim for m = 4 and m = 3, respectively and finally, Cauchy completed its proof for
all m.

On the other hand, by admitting zero and negative integer too for = in (0.1), we may generalize the
m-gonal number. We call a weighted sum of m-gonal numbers
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where a; € N an m-gonal form. If the diophantine equation F,(x) = N has an integer solution x € Z
for some N € N, we say that Fy,(x) represents N and if Fy,, (x) represents every positive integer, then
we say that F,,(x) is unwersal.

Since the smallest m-gonal number is m — 3 except 0 and 1, in constructing an universal m-gonal
form, escalating process to represent from 1 to at least m — 4 must occur. But the representability of
every positive integer up to m — 4 does not characterize the universality i.e., there are m-gonal forms
which represent every positive integer up to m — 4 but not universal. Then one may question that how
far is it to an m-gonal form which represents every positive integer up to m —4 from an universal form?
Firstly, we show that for any m-gonal form F,,(x) = > ", a; P,(x;) which represent every positive
integer up to m — 4, there is an an41 € Z for which Fi,(x) + an+1 Pm(zn4+1) is universal for m > 12.

Even though the representability of every positive integer up to m — 4 is not enough to imply the
universality in general, for some specific pairs of first coefficients, the representability of m-gonal form
whose first coefficients are specific (kinds of very nice) is equivalent its universality. Secondly, we classify
such the coefficients (a1, ag, as, aq, as) and see some applications to determine the optimal (i.e., minimal)
rank of some specific type of m-gonal forms to be univesal.
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